By comparing the neutrino spectra measured by SNO and Super Kamiokande, we obtain inequalities between the ratios of observed rate to SSM rate for the two experiments. These inequalities apply to a possibly energy-dependent reduction of the SSM flux and to the case of neutrino oscillations. We use them to examine the relationship between the two experiments expected for the MSW and "Just-So" oscillation scenarios.
Two high statistics solar neutrino experiments will be coming on line in the near future. Super Kamiokande (SK) [1] expects to begin taking data in April of 1996, and the Sudbury Neutrino Observatory (SNO) [2] in November 1996. Both experiments will observe only the 8 B neutrinos, and they expect about ten events a day instead of the one event seen every few days in current experiments. Thus they will provide accurate determinations of the solar neutrino interaction rates and of the spectral shape of the final state electrons [3] .
Here we will use a method we devised earlier [4] to compare the neutrino spectra that are actually being measured by the two experiments, and to derive relations between their total rates.
Super Kamiokande can detect all three flavors of neutrinos through elastic scattering with atomic electrons, ν e → ν e. In principle it is sensitive to neutrinos of the lowest energy, but in practice it is limited because of backgrounds from natural radioactivity. The correlation between the electron and the neutrino energy is poor because high energy neutrinos can produce soft scattered electrons.
One of the principle reactions at SNO is the charged-current process ν e d → p p e, which is sensitive only to ν e . The correlation between the electron and neutrino energy is much better than that of the elastic scattering-since the two-proton system is relatively heavy, the electron tends to carry off most of the neutrino energy. However, this reaction has a threshold of 1.442 MeV, and so it is not sensitive to very low energy neutrinos.
A general expression for total rates can be written in terms of the 8 B flux φ(E ν ) from the standard solar model (SSM), an electron-neutrino "survival probability" P (E ν ), and an experimental cross section σ as
The function P (E ν ) parameterizes any, possibly energy-dependent, differences between the SSM flux and the one that is actually measured on Earth. These include overall reduction of neutrino fluxes due to solar physics and energy-dependent loss of flux due to oscillations into sterile neutrinos. All experimental parameters are hidden in the cross section σ which involves a convolution over an energy resolution function, a detection efficiency, and the theoretical cross section. The electron energy resolution for SNO is rather close to that of Super Kamiokande, ∆E/E at 10 MeV is about 10-12%. The detection efficiency above trigger threshold is very close to 100% for both experiments. In this analysis we will use the same parameters for both experiments: 11% for the energy resolution and a perfect efficiency with a 5 MeV trigger threshold. For the ν e d theoretical cross section, we use the result of Ref. [5] . Since the functions φσ(E ν ) are known quantities in both experiments, we compare their shapes by defining
which are plotted in Fig. 1 . Now, let us write 
and maximize the constant α subject to the condition that the remainder function r(E ν ) be everywhere positive. The value obtained, α = 0.57, is mainly controlled by the behavior of the cross sections at the upper end of the 8 B spectrum: the cross section for elastic νe scattering rises linearly with the neutrino energy, but that for the charged-current interaction at SNO rises much more quickly. A consequence of this behavior is that variations at the low energy end, such as changes in the trigger thresholds and efficiencies, have no effect on α to first order; they affect α only indirectly through a small change in the normalization of φσ. This can be seen in Table 1 , where we have listed the values of α for different energy resolutions for the two experiments. Now, we drop the term r(E ν ), multiply both sides of (3) with P (E ν ), and integrate over E ν . This gives us an inequality between the total rates of the two experiments. Recognizing the denominators in (2) to be the respective SSM rates, we express the inequality in terms of the ratios of observed to SSM event rates for either oscillations of solar ν e into sterile neutrinos, or for an energy dependent reduction of the solar ν e flux. We define for Super Kamiokande and SNO
and obtain our first inequality:
Next, let us consider the case of oscillations of ν e into an active neutrino, i.e., ν µ or ν τ . The rate for SNO remains unchanged, but that for Super Kamiokande must be modified by the additional neutral-current scattering contributions coming from ν µ and ν τ :
where, σ(ν µ e, E ν ) is the common cross section for ν µ e and ν τ e scattering. To obtain the second line, we have made the substitution σ(ν µ e, E ν ) = 0.15 σ(ν e e, E ν ), which is a very good approximation in the energy range under consideration [6] . It allows us to write the ratio of the actual Super Kamiokande rate to the SSM prediction in the general form
β = 0, oscillation into sterile neutrinos 0.15, oscillation into active neutrinos (8) Making use of Eq. (3) we find the general inequality
which includes Eq. (5) when β = 0, and gives us our second inequality
for oscillations into active neutrino species when β = 0.15. The inequalities (I) and (II) are represented graphically in Fig. 2 with the ratio y as ordinate and the ratio x as abscissa. Combinations of observations from the two experiments can be represented by points in the diagram; when experimental errors are taken into account, the points become regions.
Inequality (I) requires that all observed regions lie above the line y = α x, (α = 0.57). Since this inequality has been derived under general conditions with few assumptions regarding solar or neutrino physics, all points below the line are unphysical. Put another way, experimental observations falling below the line would imply a fundamental error in present theories of the sun and solar neutrinos.
Inequality (II) defines a region above the line y = 0.85 α x + 0.15, (α = 0.57). which is displaced vertically above y = α x by 0.15 and has a 15% smaller slope. All points above this line are consistent with all solutions to the solar neutrino problem, solar physics and oscillations into active or sterile neutrinos. Points lying between the two lines are consistent with solar physics and oscillations into sterile neutrinos; therefore should the results from Super Kamiokande and SNO fall within this region, we will be able to rule out oscillations into active neutrinos and predict a smaller neutral-current signal in SNO than expected in the SSM.
We can represent the present measurements from Kamiokande II, namely, y = 0.51±0.07 as a horizontal band in the diagram. Within statistical fluctuations, the observations from Super Kamiokande are expected to fall inside this band.
There are various fits [7] [8] [9] [10] [11] to the existing solar neutrino data based upon the MSW mechanism and the Just-So oscillations, and it is useful to see how they are represented in our plot. The "small angle" MSW solution can be characterized by an electron survival probability
where the constant C is proportional to the product of sin 2 2θ times ∆m 2 and is close to 10 MeV in magnitude. In the standard ∆m 2 -sin 2 2θ oscillation parameter space, the allowed small-angle region can be represented in a log-log plot of constant-probability (or constantrate) contours by a series of parallel lines each corresponding to a different value for the product ∆m 2 sin 2 2θ; in our Super Kamiokande vs SNO rate plot, each of these lines maps into a single point in the x-y rate-space, which represents a specific rate for each experiment. As we move from one line to another in the parameter space, the single points in rate-space map out a line. To determine the equation for this line, we consider small changes in the parameter C around the value C 0 = 10 MeV. The survival probability can then be written
where ∆C is assumed to be much smaller than E ν . Both y and x are now linear in ∆C, which can be eliminated to give a straight line
where A and B are calculable constants:
The appropriate lines evaluated using (11) instead of its linear approximation (12) are shown in Fig. 2 as thin solid lines passing through the point (1,1), as required. The upper line (β = 0.15) is for oscillation in to active neutrinos and the lower line (β = 0) is for oscillation in to sterile neutrinos. These two lines are only very slightly curved, indicating that the approximation (12) is valid for a wide range of values for C.
The "large angle" MSW solution has an electron-neutrino survival probability
which is independent of energy and ∆m 2 . Thus it maps vertical lines in parameter space into single points in rate-space, and as we move from one line to another the points in rate-space trace a line. Using the above survival probability in the expression for x and y, we obtain the equation of the line as
It is a straight line that always passes through the point (1,1) corresponding to no oscillations, and becomes y = x in the sterile case (β = 0). It is plotted in Fig. 2 as the dot-dashed lines for the active and sterile cases.
In the Just-So solution, the electron neutrino survival probability is given by
The value of ∆m 2 must be chosen to yield an oscillation length of the same order as the Earth-Sun distance L. Thus, for some energy E 0 within the spectrum of solar neutrinos
Letting ∆m 2 = A × 10 −11 eV 2 and measuring E ν in MeV, we can express the y and x coordinates as
For specific values of ∆m 2 , or A, the two integrals can be integrated numerically. Again, eliminating sin 2 2θ from the two equations gives us a linear relationship between x and y. As sin 2 2θ is varied from 0 to 1, the point (x, y) traces a straight line starting from (1, 1) and ends at a point (x 0 , y 0 ) with x 0 > 0 and dependent on the value of ∆m 2 . By varying also ∆m 2 , the entire parameter space is mapped into finite regions in Fig. 3 : oscillations into active neutrinos give rise to the area enclosed by the solid curve and oscillations into sterile neutrinos give rise to the one enclosed by the dotted curve. A point falling outside these two regions cannot be explained using the Just-So oscillations.
So far, these lines and closed regions we have discussed represent the entire parameter space within the individual approximations. Existing data from Kamiokande II, the Chlorine experiment, and the two gallium experiments GALLEX and SAGE favor certain ranges of the oscillation parameters. For this we use the global fit of Ref. [9] for the small-and large-angle MSW solutions (the large-angle solution for sterile neutrinos has been ruled out according to this fit) and the result of Ref. [10] for the Just-So solution (depending on the how the fitting is done, the sterile case can also be rule out here, see [10] for details). Both analyses took into consideration theoretical uncertainties. The allowed regions at 95% confidence from these constraints on the SNO and Super Kamiokande rates are shown in both Fig. 2 and 3 as heavy black lines and shaded patches.
By considering the overlap of the regions corresponding to different solar neutrino solutions, we can anticipate the implications of measurements to be made by SNO and Super Kamiokande.
Our first observation is that the Just-So solutions occupy the largest area in the ratespace of the two experiments and are therefore the most difficult ones to rule out. From the total rates of SNO and Super Kamiokande alone, it would be practically impossible to rule out the Just-So oscillations without also ruling out both the small-and large-angle MSW solutions. There is only a very small window with x < ∼ 0.16 and 0.15 ≤ y < ∼ 0.25 for active neutrinos, or 0 ≤ y < ∼ 0.15 for sterile neutrinos, in which this is possible. In contrast, the large-and small-angle MSW solutions occupy zero area in rate-space. This makes them extremely sensitive to the Super Kamiokande and SNO measurements: the data point must falls right on top of one of the lines in Fig. 2 , to within experimental uncertainty.
Our second observation is that from the total rates alone, it would be difficult to distinguish between the large-and small-angle MSW solutions at the 3-σ level. The solar neutrino rate of Super Kamiokande is about 50 times that of Kamiokande II; in about five years Super Kamiokande will have accumulated 50 times as much data as the present Kamiokande II. This translates into a factor of seven in the statistical uncertainty so that the ratio of observed to SSM rate for Super Kamiokande will have a 1σ uncertainty of ±0.01 (instead of ±0.07 for Kamiokande II), provided that it is not limited by systematic uncertainties. On the other hand, Fig. 2 shows that the maximum distance in the y direction between the large-and small-angle lines are only about 0.02. It would be easier to distinguish between the sterile and the active case of the MSW solutions, especially if both experiments yield rates that are no larger than about half their SSM values.
With the help from the four existing experiments, some of these difficulties may be overcome. For example, depending on where the future data point falls, we may be able to distinguish the large-angle MSW solution for active neutrinos (the short heavy black line in Fig. 2 and 3 ) from the small-angle one but probably not from the Just-So solution.
Implications obtained from rate measurements can be tested by examining the spectra of recoil electrons observed in both Super Kamiokande and SNO. Although the differences tend to be rather subtle, the combination of high statistics and the "normalized spectral ratio" method [3] should enable us to distinguish between active and sterile neutrinos. In addition, the Just-So solution is much more sensitive to the BOREXINO experiment [12] 
